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tyyppi 0

tyyppi 1

tyyppi 2

tyyppi 3

äärelliset

ratkeamattomat ongelmat

esim. pysähtymisongelma

tunnistus:

tunnistus:

Turing−kone + ääretön
työnauha (pysähtyy aina)

universaali Turing−kone
(pysähtyy ’kyllä’−tapauksessa

tunnistus:
pinoautomaatti

säännölliset kielet

tunnistus:
äärellinen automaatti

RAM−kone
ohj.kielet

,

Turing−kone +
äärell. työnauha

luonnoll. kielet?

(rajall. muisti)

)

esim. palindromit

rekursiivisesti numeroituvat
kielet

rekursiiviset
kielet

rajoittamattomat
kielet
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\^e�\ m l3u%_x\ U3r cxcbl3~?�¤Z]i^u r c T �

­ � l U3rwm \ m©W ~}l3y m \o\ � Z W cb~h~dlJi`_��]l@�¤i`Z]u m`� l r {}_bZ]uÂ�µÀ rïm©� lJZ]i`lJuÃ�Ä:Ò�`� r yhepZ W
X[lJi^�¤Z]i^u m©� l�i^l r \^Z]yd_byd� R

�tZ « ý*�@�¢\¾e�\ m lJu U�r yNa[l m©� Z W � ��mhr \Í\`Z]uzl#q�_byd~YZp�fc r yd� W�r �]l?� r uzlp¬Ï_by n@� _ Uv�n l ��r �]l r y r cxX �dr a[l m ¼Å��³ÆÀ$³Ç:�Å r yd~ r �]i r uzu r i m Z U Z]yd\ m i WdUJm9n Z]i^~d\3�VªIl m�þ \
i`l3X}i`l3\^l3y m m©� lïi W cxl3\@uzZ]i`l��¤Z]i`u r cxc�e �
²�ÀúÕ ²#:��²qÕ ��²)²
²�À�À�À�àúÕ ²#:^à
²#:°:^à�Õ ²$à[¬

_xy n@� _ Uv� ² r yd~qà U�r y-a�l r y�e#\ m i^_xyd�p\3�
ªIl m�þ \ U Z]y}\`_x~}l3i m©� lÓ\`l m Zw� r cxc X[Z]\^\`_badcxl \ m i^_xyd�]\çÆÉÈ�¬ n@� _ Uv� U Z]yd\`_b\ m \?Zp��\ m i^_xyd�p\
¼��ª³��»³ÆÀ$³Ç:=³��¬�»³��µÀ$³���:=³ÆÀ��»³�À�À$³ÆÀ³:=³Ç:��»³Ç:fÀ$³Ç:,:=³��-�-��³��-�µÀ$³��-�Ä:�³��µÀ��»³ÃÂ"Â\ÂIÅ�Â
��Z n n l U3r y?u r qpl�~d_\e[l3i^l3y mji¨W l3\ m _bZ]yd\ r a�Z W}m�m©� lµ\ m i^_xyd�p\3�tÎ@�ÍE¦�tXdi^Z]adcbl3uqÊ>¿ª«�²�­ �g£² ��rwm \ m i`_byd�]\ U�r yNa[l	Xdi`Z�~ WdU l3~��¤i^Z]u r �]_��]lJyä\ m i`_xy}�â² a�e m©� l	i W cbl3\zZp� m`� l
\^e�\ m l3u R3g Z]i�Ê$ÀM«�²�­ �[g � r y epZ W Xdi`Z�~ WdU l¦\ m i^_xyd�ç²Ð�¤i`Z]uË�µÀ a�e m`� lÍi W cbl3\sZp� m`� l
\^e�\ m l3u R3g ­ � l r yd\ n l3i@�¤Z]i m©� ls¸�i^\ m^i¨W l3\ m _xZpy	_b\ r \^l m Zp�E\ m i^_xyd�]\7O¤Z]iìX[Zp\`\`_badcbe r y
l3uzX m e�\^l m|T ¬�_xy�� rpUGm�r \ W a}\`l m Zp�>Æ È ¬ n@� _bcxl m`� l r yd\ n lJi�Zp� m©� l@c rkm`m lJiEZ]y}l _b\;\`_bu1X}cbeg e]lJ\ g Z]i g ydZ g �â� WdUv� e]lJ\ ú y}Zw�¢Xdi^Z]adcbl3uz\ r i^l U�r cbcxlJ~�z��}xsrx�sr �k�J���©�7�3�x�G�Ò�G�BÔøZpi`u r cxc�en l U�r yN~dlJ¸dydl r ~dl U _x\^_xZ]yYXdi^Z]adcxlJuÌÊ r \ r u r XdXd_byd�%Ê�ýjÆ È Õ ¼Mó`³Ãò7Å¨����Z _ mr \`\^Z U _ rwm l3\ m Zzl rwUv� \ m i`_byd�ÍZp� m©� l r cbX ��r a�l m lJ_ m©� l3i r yd\ n lJi � Z]i ° �
² l U3r y r cx\^Z r \`qø¬ n@� _ Uv� \ m i`_xy}�]\fZp��ÆÉÈï~dZtlJ\ m©� l¦~}l U _b\`_bZ]yÓXdi`ZpadcxlJuÍÊ�Î rwU3U lJX m|R
O _ �ülp���¤Z]i n@� _ Uv� ²%ÊX«u²�­�º òÒZ]i m©� l7_xy��]lJi m l3~ i^l3c rkm _xZpyjÊ ö ¿ «gòA­=º�² RST ­ � l r y}\ n l3i
\`l m ¹×_b\ U�r cxcxlJ~ �o���k�|�z�p�[���p���p�}����� r y}~ m©� l U Z]i^i`lJ\`X�Z]yd~d_byd�Ò~dl U _b\`_xZpy9Xdi`ZpadcxlJuoÊ�Îm©� lïi`l U Z]�pyd_ m _xZ]y?Xdi^Z]adcbl3uñZw�Ec r yd� W�r �]la¹Ò�
��i^Z]adcbl3u �t² � _ Uv�-n Z]i`~}\�~dZ m`� ls�¤Z]cxcbZ n _byd��c r yd� W�r �]l3\ U Z]yd\`_b\ m Zp� R

L�4µcbcù\ m i`_byd�]\ n@� _ Uv�-U�r y	a�lsXdi`Z�~ WdU l3~-�¤i`Z]u4���
L�4µcbcù\ m i`_byd�]\ n@� _ Uv�-U�r y	a�lsXdi`Z�~ WdU l3~-�¤i`Z]uÏ:Ò�
L�4µcbcù\ m i`_byd�]\ n@� _ Uv�-U�r y	a�lsXdi`Z�~ WdU l3~-�¤i`Z]u4��:



& M
O¤­ � lì_x~}l r Zp� m©� l « ý*�@�£\^e�\ m l3u _x\E_xy m i^Zt~ W}U l3~¦_by m©� lìa�Z�Z]q7a�e ³ Zp�¤\ mvr ~ m l3iJ¬�E,Y�~dlJc ¬
ÎÏ\ Uv� l3iJ¬ù§ rwUv� � T

½�¼ »@¼£Õ Ð È�ÂdÜ�õ�ö¾ÄÑ�[õÏÙtÄÆÈ�É
L m©� lïXdi^Z]adcxlJu ��r \ X�Z m l3y m _ r cxc�e r y	_by}¸�yd_ m lf\^l m Zp��x`�k���v�fObÒÆ_xy}X W}m^gÆT
L m©� lÍ\`Zpc W}m _xZ]yÓ_b\z�p���p�ü���k�&r·¡�è��¦¬ n@� _ Uv�.r \`\^Z U _ rwm l3\ m Z#l rpUv�.U3r \`lz_ m \z�p�}�séV�G�
OÓÒÆZ W}m X Wtm^g¾T �

LYlp�ü�d��u W c m _xX}cbe�_xyd�7_xy m lJ�]l3i^\
Ô U�r \^l3\ �ør cxc�X�Z]\`\^_xadcblsX r _bi`\ìZp�â_xy m lJ�]l3i^\Ô r y r yd\ n l3i@�¤Z]i r �]_��]l3y-X r _bi ��m©� lïXdi^Zt~ W}UJm Zp� m©� lï_xy m l3�]lJi`\Ô \`Z]c W}m _bZ]y9Zp� m©� lïXdi^Z]adcxlJu �}r y�e r cb�]Z]i`_ m©� u �¤Z]iìu W c m _xXdc�et_byd��_by m l3�]lJi`\

LYl rpUv�-U�r \^l r yd~#_ m \ r yd\ n l3i u W \ m a�lj¯��)r·¡Æ�G��~Í�©� ���©�v���G��¡£���3�x�G�
L��VZ]u1X W}mvrwm _xZ]y r câX}i`Z]adcbl3u |��	�z�s����r·���s�|�v�k��¡�è������G¡f�Æ�6x`�k���v��¡Æ�-¡uè������G¡
�Æ���p�}�séV�G�©�

½�¼ »@¼Qò ÐhÄÆÉ�Ä¢ÙtÁ×Â}Á�ÚµÂ}Á�ÅtÁ�É�Ùtõ;ÙtÄÆÈCÉ
L r cxc[_xy}�¤Z]i^u rkm _xZpy ��r \ m ZÍi^l3Xdi^l3\`lJy m l3~ a¨e9ad_ m \ì_xy m©� lïc r \ m@��r yd~
LYy rwm©W i r c m Z r cxcbZ n r cb\`ZÍZ m`� l3i@\^e�u�a�Z]cb\
LN¯µlJ¸�y}_ m _bZ]y � Ò£¸�yd_ m lfi^l3Xdi^l3\`lJy mvrwm _xZ]y g |)�Í�G¡ �sr·���ï_xy?\^Z]u1l r cbX ��r a�l m �

½�¼ »@¼�� ¸ìÈCÜ�Á ÃùÈ�ÉµÃ[Á�Ú�ÙtÅ
LDÕµ� �)è}���G�G¡ r ydZ]ydlJu1X m e]¬�¸�yd_ m l	\^l m Zw�6x}è}�p�^�
xG¡Æ�G�©�¦Zpi-�s~k���G�k� �G�Ïlp�ü�d�a�ªr·���p�&~
�p� �)è}���G�G¡	¼Mó`³Ãò7Å r y}~.���p¡�r·� �p� �)è}���G�G¡	¼A47¬ §µ¬��3�J�3¬¤Ö	Å¨�

Lh×ø¡Q�&r·���sZ]i`~dlJi`lJ~ i¨W l W lïZp� Uv��r i rwUJm lJi`\ Îì� �}��Ò °}��°]°}�Jg ¬�Ò °]°]°kg ¬ØÒÆªt­@Î g ¬ ÒA®�h°ÖWÖ�h g
LzÙB�G���p¡uèÒZp� ² �dm`� lïy W u�a�l3i@Zp� Uv��r i rwUJm lJi`\J� «	r i`q   ²   ��Îì�ü�d�

  ó`òÁó7ó`ò   º   ÚfÛ,ÜWÜÝÛç  º¬�V³   ó�ó�ó   º  �Þ�ß~àa  º¨õ`Â

LzáV�¥��¡�~¦�G¡Q�&r·���,�3¬�cxlJyd� m©�   �   º»ó}�



&w® ß àBá	à�[på�íìêTÎ,b�àìè`ÏµèBæGêìç^Ïfß b�ésê��oß´_XÎJ]
L m �p¡Æ�G���p¡�r �k�Í\ m i`_xy}�]\ n i`_ m^m lJy m Z]�]l m©� lJi3�øÎì� �}�

O¤_ T ��4Ï­?â�ÔEý¾� ³ |Q��4Ï­@ÔEý¾� ³�ã
O _b_ T _b�;²/º�ó�ó r yd~qàúº½ò7ò]¬ m©� l3y�²$àÖº»ó�ó`ò7ò r yd~�à�²±º½ò�òÁó7ó ã
O¤_x_x_ T �¤Z]i r cbc:²,²Ý�=º¬�o²çº�² ã
O _b� T �¤Z]i r cbc:²I¬)à   ²$à   º   ²   ñ   à   �

LN­ � lh\^l m Zw� r cxc�\ m i`_byd�]\�Zp� m©� l r cxX ��r a�l m Æ¶Æ È �âÎì� �}��Æ º ¼Mó`³Ãò7Åp¬�Æ È º
¼��ª³}ó`³ªò�³}ó�ó`³íó`ò�³ÃòÁóV³ÃÂÃÂÃÂ Å¨�

½C¼ »@¼dc ä Á�Ã[Ä¾Å�ÄÆÈ�É ÚµÂ}ÈC�föÆÁIÜ�Å�õCÉ^ï ÛvÈ�ÂdÜ�õ�ö¦ö¾õ�É^�Cô�õ��CÁ�Å
L U Z]uzX W}m©rwm _bZ]y r c�Xdi^Z]adcxlJuÃÊÐ_x\ r u r XdXd_byd�Êâý
Æ È Õ å È ³
_xy n@� _ Uv� Æ r yd~�å r i^l r cxX �dr a[l m \

LN~dl U _x\^_xZ]y9X}i`Z]adcbl3uz\ r i^l r \ W a U c r \`\ìZw� U Z]uzX W}mvrkm _xZpy r c�Xdi`Z]a}cxl3uz\3¬¨�¤Z]i n@� _ Uv�m©� l r y}\ n l3i@_x\ g epl3\ g Z]i g y}Z g
L m©� lïXdi^Z]adcbl3uñ_b\ìZp�B�¤Z]i`uÂÊWý
Æ È Õ ¼MóV³Ãò7Å��
LNlp�ü�d�iÒ¢_x\ r �]_b�pl3y�y W u�a�l3iÍXdi^_xuzl RJg9U3r y�a[l#i^l3Xdi^l3\`lJy m l3~ r \ r u r XdX}_xyd� _by
Æ�º¤¼Mó`³Ãò�³&ô
³ÃÂÃÂÃÂs³� VÅ

Êâý
Æ È Õ ¼Mó`³Ãò7Å�³ ÊX«u²�­XºÂæ ò7³ _�� ² _x\ìXdi^_xuzl ã
óV³ _�� ² _x\ìydZ m X}i`_xuzlp�

L�Ô�Z]iol rwUv� ~dl U _x\^_xZ]y#Xdi^Z]adcbl3uçÊ5ý�Æ È Õ ¼Mó`³ªò7Å m`� l3i^lï_x\ r \`l m Zw�E\ m i`_byd�]\
¹&èìº½¼Á²Jµ3Æ È   ÊX«u²�­XºÔò7Å�³

_ �ülp� m`� Z]\^l U3r \`lJ\ �¤Zpi n@� _ Uv�#m©� l r y}\ n l3i _x\ g epl3\ g
LY�¤Z]iìl rwUv� \^l m Zp�â\ m i^_xyd�ú¹ÔÑ�ÆÉÈ m`� l3i^lï_x\ r ~dl U _x\^_xZ]y#Xdi^Z]adcxlJu

Ê�Î3ý�Æ È Õ ¼Mó`³Ãò7Å�³ Ê�Î�«u²�­XºÂæ ò7³ _�� ²,µJ¹ ã
óV³ _�� ²FÜµJ¹Ò�

LÐ���k�|�z�p�����p���p�d������_by,Æ»| r i^ad_ m i r i¾e9\^l m Zp�â\ m i^_xyd�p\j¹½Ñ�Æ È
L �©�}xv�`�p�)r·¡�r �k�#���©�7�3�x�G�×Zw��c r yd� W�r �pl�¹¨|×~dl U _x\^_xZ]yzXdi^Z]adcxlJuoÊ�Î r \`\^Z U _ rwm l3~ m Z
¹

LY�¤Z]i`u r c[c r yd� W�r �]l ~}l U _b\`_bZ]y#Xdi`Z]a}cxl3u



&pº
½�¼ »@¼6é ¸ìÈ�öAêâõ��µÄÆö¾Ä£ÙH�

L m©� l¦Xdi^Z]�]i r u � ���k��tp�v� m©� l U Z]uzX W}mvrkm _xZpy r cBXdi`Z]a}cxl3uÏÊÏ¬�_��Ï�¤Z]isl rwUv� _bydX W}m
² m©� l�X}i`Z]�]i r u ��U Z]uzX W}m l3\ r yd~#Z W}m X W}m \ m`� ls� r c W l�ÊX«u²�­G�

L�� r y r cxcùX�Z]\^\`_xa}cxl U Zpu1X Wtmvrwm _xZ]y r cùXdi^Z]adcxlJu1\ìa�ls\`Zpcb�]lJ~	a�e U Z]u1X W}m lJi R
LN��Z �¨m©� ls\^l m Zw� r cxc�X[Zp\`\`_badcxl�\ m i`_xy}�]\sO¤X[Z]\^\`_badcxl�Xdi`Z]�pi r uz\ T _x\ U Z W y mvr adcxlw¬}a W}mm©� l \`l m Zp� r cxc}X[Z]\^\`_badcxlì~dl U _b\`_xZpy1Xdi^Z]adcbl3uz\C_b\ W y U Z W y mvr adcbl7O ² l U3r ydydZ m X W}m]Ð� W lJ\ m \�_by m Z@\äi^ZtZ]uz\3� T
LN��Z m _ U lwÿd­ � l�i`lJ\ W c m _x\Or·��z�� ���G��z��G��¡V�Æ�ï¡uè��j���v�`�p�^�p�¦�Ör·���Í���p���p�d�����ï�����{zpÿ

ë è��v�k�©�G�ÏìÓÔ�Z]i r y¨e r cxX �dr a[l m Æ m`� lï\`l m Zp� r cbc�\ m i`_xy}�]\�Æ È _b\ U Z W y m©r adcxlw�í �©���Æ�Çîâª�l m Æ�º½¼M¾`¿&³}¾�ÀÃ³ÃÂ"Â\Â"³}¾�Ä
Å¨�øªIl m�þ \ ¸t{ r y gÆr cbX ��r a�l m _ U Z]i^~dl3i g lw� �d�$¾`¿ á ¾�À á
Â"Â"Â á ¾�Ä}�

­ � l�\ m i^_xyd�]\@Zp��Æ È U�r y-a[lïZ]i^~dl3i^l3~-_xy.O}x`�p�ù�k�)ryx`�p�I�k�oz��G� T|�
� �ì¸�i`\ m cx_x\ m \ m i`_byd�]\J¬ n@� Z]\^l¦cxl3y}� m©� _b\ ° Oy|ï� T ¬ m`� l3y m`� Z]\`lw¬ n@� Z]\^lÍcxl3y}� m _x\ �
Oy|ß¾`¿s³}¾�ÀÃ³ªÂÃÂÃÂª³í¾�Ä T ¬ m©� lJy m©� Z]\`lw¬ n@� Z]\`l�cxlJyd� m`� _b\ & ¬ r y}~	\^ZzZpy

& �@_xy#l rpUv� cxlJyd� m`� �pi`Z W X m`� lï\ m i^_xyd�p\ r i`lscx_b\ m l3~#_xy r cbX ��r a�l m _ U Z]i^~dl3i
L��¤Z]i�l rpUv� y rwm`W i r cây W u�a�l3if� m`� l3i^l�_x\ r \ m i`_byd�hZp�=Æ È r yd~ ��_ U l7�pl3i`\ r Õ Æ È
_x\ U Z W y mvr adcbl

§�_¹j^l UGm _bZ]yqøRý7·�Õ Æ È _x\ �
ó ðÕ �
ò ðÕ ¾`¿
ô ðÕ ¾�À��� ���� ðÕ ¾�Ä��ñÓò ðÕ ¾`¿o¾1¿��ñ�ô ðÕ ¾`¿o¾�À��� ���
ôÅ� ðÕ ¾`¿o¾�Ä

ôÅ��ñÓò ðÕ ¾�À&¾1¿



&p± ß àBá	à�[på�íìêTÎ,b�àìè`ÏµèBæGêìç^Ïfß b�ésê��oß´_XÎJ]
��� ���

õ¡� ðÕ ¾�À&¾�Ä��� ���� À ñd� ðÕ ¾�Ä�¾�Ä� À ñd�6ñÓò ðÕ ¾`¿o¾`¿g¾`¿� À ñd�6ñ�ô ðÕ ¾`¿o¾`¿g¾�À��� ��� 8
ë è��v�k�v�G�çñ>ñR4µy�e?\`l m Zw�E~dl U _b\`_xZpy-X}i`Z]adcbl3uz\oZp�CÆ _x\ W y U Z W y m©r adcbl
ò í �©���Æ�ÇîCOy� r y m Z]i þ \@~d_ r �pZ]y r cb_x¥ rkm _xZpy r i^� W uzl3y m � T
ªIl m \@u r i`q m©� l U Zpcxcxl UJm _xZ]y9Zw� r cbc�~dl U _x\^_xZ]y#Xdi^Z]adcbl3uz\ìZp�CÆ a�ejó

ó�ºÔ¼"Ê   Ê _b\ìu r X}Xd_xyd��Æ È Õ ¼Mó`³Ãò7Å�Å�Â

4µy m _ m©� lJ\`_x\ � � W X}X[Z]\^l m`��rwm óÇ_x\ U Z W y mvr adcxlw¬�_ �ülp� m`� l3i^l�l|{t_x\ m \ r y W u�a�l3i^_xyd�

ó�ºÔ¼"Ê��Á³�Ê>¿s³uÊ$ÀÃ³ÃÂÃÂÃÂ�Å�Â
ªIl mìm©� lï\ m i`_byd�]\@Zp��Æ È a[ls_by U�r ydZpyd_ U3r c�Z]i^~dl3ij²��Á³{²>¿&³o²$ÀÁ³ÃÂÃÂÃÂð�
ªIl m�þ \ U Z]yd\ m i WdUJmµr ydl n ~dl U _x\`_bZ]y#Xdi`ZpadcxlJu ôÊ �

ôÊâý
Æ È Õ ¼Mó`³ªò7Å�³ ôÊ�«�²�­�º æ ò�³ j^Zp\ÉÊ)Êg«�²)Êu­Xº�ó ã
ó`³ j^Zp\ÉÊ)Êg«�²)Êu­XºÔò]�

§Vl U3rpW \`l%ôÊâµ%ó7¬/ôÊJºhÊ . �¤Z]iì\^Z]uzl°'/µJ·��
­ � l3y

ôÊ�«�² . ­Cº æ ò7³ _��NÊ . «�² . ­�º4ôÊX«�² . ­Xº�ó ã
óV³ _��NÊ . «�² . ­�º4ôÊX«�² . ­XºÔò]�

� f � ­ Ì 4µ¯µýg�V­ìý f �7��­ � l U c r _xu m©��rkm m`� lï\`l m ó�_b\ U Z W y m©r adcblp¬�_x\o� r cx\`lw� 8
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ôÊ õ Ê�� Ê>¿ Ê$À Ê s ö"ö"ö
²�� ÷Ø ó ó ó ò ö"ö"ö
²>¿ ó øØ ò ó ó ö"ö"ö
²$À ò ò øØ ò ò ö"ö"ö
² s ó ó ó ÷Ø ó ö"ö"ö��� ��� ��� ��� ��� � � �

L n l U3r y \`Zpcb�]lÒZ]ydcbe r \^u r cbcIX r i m Zp� r cbcâl|{}_b\ m _xyd� U Z]uzX W}mvrkm _xZpy r cIXdi`ZpadcxlJu1\
a¨e r y�e#Xdi`Z]�pi r uz\

L r cxc g \ m i`Z]yd�ïlJydZ W � ��g Xdi`Zp�]i r uzuz_xyd�fc r yd� Wdr �]l3\Ï\^Z]cb�plEj W \ m�m©� l�\ r u1l U c r \^\�Zp�
\`Z]c�� r adcxlfX}i`Z]adcbl3uz\�Oy� �¨W i Uv��E ­ W i`_byd� m`� l3\^_x\ T �

LYu1Z]\ m@U Z]uzX W}m©rwm _bZ]y r c[Xdi`ZpadcxlJu1\ r i`l1���G���k� �t¡¢�G��~z�t�}���k��tk���3�x�G�
L r cx\^Z¦_xy m lJi`l3\ m _byd�1X}i rpUGm _ U3r cùX}i`Z]adcbl3uz\
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